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Abstract
We obtain new upper bounds on the norms of univalently induced composition operators acting on
the Dirichlet space and compute explicitly the norms for univalent symbols whose range is the disk
minus a set of measure zero. As an application, we show that the spectral radius of every univalently
induced composition operator on the Dirichlet space is equal to one.
 2004 Elsevier Inc. All rights reserved.
Keywords: Dirichlet space; Composition operator; Operator norm; Spectral radius; Hyperbolic metric
LetD denote the unit disk in the complex plane. By a self-map ofDwe will always mean
a function ϕ analytic in D such that ϕ(D) ⊂ D. The composition operator with symbol ϕ
is defined as Cϕf = f ◦ ϕ, for any self-map ϕ. The subject of composition operators has
been an active area of research for more than three decades (cf. [16] and [5]).
A very interesting setting for studying such operators is the Dirichlet space (see [6,7,
9,11,12] for some recent results). Denoting by dA the normalized area Lebesgue measure
✩ Supported by MEC grant BFM2003-07294-C02-01, Spain.
* Corresponding author.
E-mail addresses: mjmartin@eco.uc3m.es (M.J. Martín), dragan.vukotic@uam.es (D. Vukotic´).
URL: http://www.uam.es/personal_pdi/ciencias/dragan/ (D. Vukotic´).
0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.09.005
M.J. Martín, D. Vukotic´ / J. Math. Anal. Appl. 304 (2005) 22–32 23π−1 dx dy, recall that the Dirichlet space D is the Hilbert space of analytic functions in D
with a square integrable derivative, with the natural norm given by
‖f ‖2D =
∣∣f (0)∣∣2 + ∫
D
∣∣f ′(z)∣∣2 dA(z).
Unlike in many other classical spaces, in D even the boundedness of Cϕ is not automatic.
A necessary and sufficient condition in order for ϕ to induce a bounded composition op-
erator on D can be expressed in terms of the counting function and Carleson measures. It
was first discovered in Voas’ thesis [18]; see also [1,11,13]. However, every univalent map
induces a bounded composition operator on D.
The next natural question is that of norm computation. Numerous estimates on the norm
are available but it is believed that exact norm calculation in most situations is close to im-
possible. Nonetheless, such computations have been worked out in a number of nontrivial
cases and for several classical function spaces, mostly in the recent years (see [3,4,8,10,14,
15,17,19,20], for example).
The expression (
∫
D
|f ′|2 dA)1/2 defines a norm on the quotient spaceD/C, the Dirichlet
space modulo constant functions. The norm of a composition operator acting on D/C was
computed recently by E. Gallardo-Gutiérrez and A. Montes-Rodríguez in the case of linear
fractional symbols (see [7, Corollary 6.1 and Theorem 6.2]). Their proof used a careful
analysis of the fixed points and similarity to unitary operators in certain cases.
In order to compute the norm of Cϕ on the true Dirichlet space D, both the derivative of
f ◦ϕ and its value at the origin have to be controlled simultaneously. Thus, norm computa-
tion is a more delicate question on D than on the quotient space D/C. It appears that so far
this issue has not been addressed in the literature, except for the most recent preprint [9] of
Hammond. Actually, we will show that there are maps ϕ for which ‖Cϕ‖ can be computed.
Also, the spectral radius r(Cϕ) can be calculated for arbitrary univalent symbols. This is
precisely the purpose of the present paper.
We begin by observing that composition operators induced by automorphisms yield
the largest possible norm among all univalently induced Cϕ with a fixed value ϕ(0). This
estimate, given in our Proposition 1, will be relevant to the rest of the paper.
For a univalent symbol ϕ, let ∆ be the smallest disk such that ϕ(D) ⊂ ∆ ⊂D. Note that
∆ =D is admissible. We obtain an upper bound for the norm of Cϕ as an operator on D in
terms of the pseudohyperbolic radius of ∆ in the cases when either ∆ =D (Theorem 2(a))
or ∆ is a compact subset of D (Theorem 5). In the extreme case when ∆ = D and ϕ is a
full mapping onto D (that is, when the area of ∆ \ ϕ(D) is zero), we actually obtain the
following norm formula:
‖Cϕ‖ =
√
L + 2 + √4L + L2
2
,
where L = − log(1 − |ϕ(0)|2). This is part (b) of our Theorem 2.
It follows from this norm formula that for a simply connected domain Ω as above, one
can always find a univalent map of the disk onto Ω such that the induced composition
operator has prescribed norm (Proposition 3). This is a consequence of the fact that the
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value of the symbol at the origin.
The examples one sees in the literature seem to suggest that the spectral radius of a gen-
eral univalently induced composition operator acting on the Dirichlet space should equal
one (cf. Section 5 of [7], where the spectrum was determined for linear fractional symbols).
Our Theorem 7 shows that this is indeed the case for each such composition operator. The
key point is to combine the upper bound on the norm from Proposition 1 with an elemen-
tary estimate on the iterates of ϕ and the hyperbolic metric.
1. Norm computations and estimates
1.1. Some basic facts
Denote by ϕa the disk automorphism which is an involution and interchanges the points
0 and a:
ϕa(z) = a − z1 − a¯z , a ∈D.
The pseudohyperbolic disk of center a and radius r is defined as
∆(a, r) = {z ∈D: ∣∣ϕa(z)∣∣< r} (0 < r < 1).
Note that it is a Euclidean disk since ∆(a, r) = ϕa(D(0, r)). Conversely, every Euclidean
disk D(c,R) = {z ∈C: |z−c| < R} compactly contained inD (|c|+R < 1) is a pseudohy-
perbolic disk whose pseudohyperbolic radius r can be computed according to the following
formula:
r = 1 + R
2 − |c|2 −√(1 + R2 − |c|2)2 − 4R2
2R
(1)
(see Lemma 4 of [19]).
It is a standard fact that the norm of a function f in D given by the Taylor series
f (z) =∑∞n=0 cnzn can be computed as follows:
‖f ‖2D = |c0|2 +
∞∑
n=1
n|cn|2. (2)
The following sharp estimate (which has been known ever since Beurling’s thesis
[2, pp. 31–33]) will also be useful:
∣∣f (z)∣∣ ∣∣f (0)∣∣+ ‖f ‖D
√
log
1
1 − |z|2 . (3)
It follows by applying the Cauchy–Schwarz inequality to the Taylor series expansion
f (z) − f (0) =
∞∑
cnz
n =
∞∑√
ncn
zn√ .
n=1 n=1 n
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fa(z) =
∞∑
n=1
a¯nzn
n
= log 1
1 − a¯z (4)
because fa(0) = 0 and
‖fa‖2D =
∞∑
n=1
|a|2n
n
= log 1
1 − |a|2 . (5)
1.2. Norms of composition operators induced by univalent full mappings
Whenever Cϕ is a bounded composition operator on D, the constant function 1 is its
fixed point and has unit norm, hence ‖Cϕ‖  1. This trivial observation will be rather
useful.
Proposition 1. Let ϕ be a univalent self-map of D and let a = ϕ(0). Then, as operators
acting on the Dirichlet space, ‖Cϕ‖ ‖Cϕa‖.
Proof. The key point is that whenever the symbol ϕ fixes the origin then the induced
operator Cϕ has norm exactly one as a Dirichlet space operator. Indeed, in this case the
obvious change of variable w = ϕ(z) readily shows that
‖f ◦ ϕ‖2D =
∣∣f (ϕ(0))∣∣2 + ∫
ϕ(D)
|f ′|2 dA ∣∣f (0)∣∣2 + ∫
D
|f ′|2 dA = ‖f ‖2D.
Together with the observation above, this yields ‖Cϕ‖ = 1.
Now let a = ϕ(0) and consider the disk automorphism ϕa . We have
‖Cϕ‖ = ‖Cϕa◦ϕa◦ϕ‖ ‖Cϕa◦ϕ‖ · ‖Cϕa‖ = ‖Cϕa‖
since ϕa ◦ ϕ is univalent and fixes the origin. 
Thus, among all composition operators whose symbol has a fixed value a at the origin,
the one induced by the involutive automorphism ϕa has the largest norm. Can we compute
this maximum norm ‖Cϕa‖? Are there any other such extremal maps?
The answer turns out to be positive for any univalent self-map ϕ of the unit disk such
that A(D \ ϕ(D)) = 0. As is usual, we will use the term full mapping for any such map.
This class of self-maps includes, for example, the disk automorphisms, the conformal maps
onto the disk minus countably many slits, or the conformal maps onto the disk minus
uncountably many radial slits of fixed length emanating out of the points of a standard
Cantor set on the unit circle.
In this subsection we show that such norm computations can actually be reduced to a
simple calculus problem. Since we are dealing with the true Dirichlet space, our formula
is, naturally, different from the one found by Gallardo-Gutiérrez and Montes-Rodríguez
(Theorem 6.1 of [7]) for the quotient Dirichlet space.
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L = log 1
1 − |ϕ(0)|2 ,
the norm of the induced composition operator acting on the Dirichlet space D is subject to
the following estimate:
‖Cϕ‖2  L + 2 +
√
L(4 + L)
2
. (6)
(b) If, in addition, ϕ is a full mapping, then we have the formula
‖Cϕ‖ =
√
L + 2 + √L(4 + L)
2
. (7)
The norm is attained for the following function F of norm one:
F(z) =
√
1 − K2L + K log 1
1 − ϕ(0)z ,
where the constant K is chosen so that
K2 = 1
2L
+ 1
2L
√
L(4 + L).
Proof. Note that part (a) follows from inequality Proposition 1 and part (b). However, (b)
can also be proved in a straightforward manner, as will be done below, and (a) will follow
from analyzing the proof.
For the sake of brevity, write a = ϕ(0). After the obvious change of variable w = ϕ(z),
the following inequality is immediate:
‖f ◦ ϕ‖2D =
∣∣f (a)∣∣2 + ∫
ϕ(D)
|f ′|2 dA (∣∣f (a)∣∣2 − ∣∣f (0)∣∣2)+ ‖f ‖2D. (8)
Thus, we have
‖Cϕ‖2  sup
{‖f ‖2D + ∣∣f (a)∣∣2 − ∣∣f (0)∣∣2: ‖f ‖D = 1}, (9)
with equality in (8) when A(D \ ϕ(D)) = 0. Our goal is to compute the above supremum
and show that equality holds in (9) under the additional assumption on zero area of the
complement of ϕ(D) in the disk. This will eventually lead us on to the exact value of the
norm. To this end, write the Taylor series of f as f (z) =∑∞n=0 cnzn; clearly, c0 = f (0).
Recalling our assumption that
ϕ(0) = a and ‖f ‖2D = |c0|2 +
∞∑
n=1
n|cn|2 = 1, (10)
we can use the triangle and the Cauchy–Schwarz inequality as follows:
‖f ‖2 + ∣∣f (a)∣∣2 − ∣∣f (0)∣∣2 = 1 − |c0|2 +
∣∣∣∣c0 + ∞∑ cnan
∣∣∣∣
2D ∣
n=1 ∣
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(
|c0| +
∞∑
n=1
√
n |cn| · |a|
n
√
n
)2
(11)
 1 − |c0|2 +
(
|c0| +
√√√√ ∞∑
n=1
n|cn|2 ·
√
log
1
1 − |a|2
)2
. (12)
Next, we determine the supremum
1 − |c0|2 +
(
|c0| +
√√√√ ∞∑
n=1
n|cn|2 ·
√
log
1
1 − |a|2
)2
under the assumptions (10). For this purpose, it is convenient to write
x =
∞∑
n=1
n|cn|2 and (as before) L = log 11 − |a|2 .
Keeping in mind that x + |c0|2 = 1, we have to maximize the function
Φ(x) = 1 − |c0|2 +
(|c0| + √L√x )2 = 1 + Lx + 2√L√x − x2.
Since
Φ ′(x) = L + √L 1 − 2x√
x − x2 , Φ
′′(x) = −
√
L
2(x − x2)3/2 < 0,
the function Φ achieves its maximum value at the only critical point
x0 = 12 +
1
2
√
L
4 + L.
Thus,
Φ(x)Φ(x0) = L + 2 +
√
L(4 + L)
2
, for all x ∈ [0,1]. (13)
This yields the desired upper bound
‖Cϕ‖2  L + 2 +
√
L(4 + L)
2
.
It is now only left to verify that equality can hold throughout the chain of inequalities
(8), (9), (11), (12), and (13) obtained in the process. As observed earlier, equality in (8) and
(9) is guaranteed for a univalent map of D such that ϕ(D) has the same area as the unit disk
itself. Next, equality can be obtained in (11) and (12) by choosing the Taylor coefficients
of f to be
cn = K a¯
n
n
, n = 1,2,3, . . . ,
with K > 0 and c0 > 0, so that also cnan > 0 for all n 0. This yields the function
Fa(z) = c0 +
∞∑ (a¯z)n = c0 + K log 1 .
n=1 n 1 − a¯z
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c0 = Fa(0) =
√
1 − K2L =
√
1 − K2 log 1
1 − |a|2 ,
where K is still to be chosen so as to get
K2 = 1
2L
+ 1
2L
√
L(4 + L).
This guarantees that the maximum of Φ(x), as in (13), will be achieved at the value x0
indicated above. The proof is now complete. 
The above theorem is yet another instance of the “rule of thumb” in complex analysis
that says that, whenever one has to maximize a certain quantity related to the derivative
among the analytic maps into a certain domain, a conformal map that “fills the most” the
domain in question is an extremal one. In this case, among the composition operators Cϕ
on the Dirichlet space D, the extremal problem of finding
sup
{‖Cϕ‖: ϕ is univalent in D, ϕ(D) ⊂D, ϕ(0) = a}
is solved by any Riemann map onto a domain Ω such that A(D \ Ω) = 0; that is, the
maximum is attained for any conformal full mapping.
We also have the following application.
Proposition 3. For each simply connected domain Ω such that Ω ⊂D and A(D \ Ω) = 0
and for every real number N > 1, there exists a univalent map ϕ of D onto Ω such that
‖Cϕ‖ = N , where Cϕ is regarded as an operator on D.
Proof. First note that the function
g(L) = (L + 2 +√L(4 + L) )/2, 0 < L < ∞,
can be thought of as
h(y) = y +
√
y2 − 4
2
, 2 < y < ∞ (y = L + 2).
It is then obvious that this function on the interval (2,∞) attains every possible value in
(1,∞), as h′ > 0, h(2) = 1, and limy→∞ h(y) = ∞. By the Riemann mapping theorem
we can find a univalent map ϕ of D onto Ω with arbitrary value a at the origin, for a ∈ Ω .
By our Theorem 2, the norm of the induced operator Cϕ is
N =
√√√√2 + log 11−|a|2 +
√
log 11−|a|2 (4 + log 11−|a|2 )
2
.
Hence, every value N in (1,∞) will be achieved, as long as for every L in (0,∞) we can
always find a point a ∈ Ω such that
1
log
1 − |a|2 = L.
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were no points in Ω of this modulus, then Ω (being both open and connected) would have
to be entirely contained either in the disk {z: |z| < |a|} or in the annulus {z: |a| < |z| < 1},
which contradicts the assumption A(D \ Ω) = 0. This completes the proof. 
Note that N = 1 had to be excluded. For example, if ϕ is an arbitrary univalent mapping
of D onto the slit disk D \ [0,1) then |ϕ(0)| > 0 and by Theorem 2 we have ‖Cϕ‖ > 1.
1.3. Symbols whose image is compactly contained in the disk
We now give an upper bound on the norm ‖Cϕ‖ when ϕ(D) is a compact subset of the
unit disk. In this special situation, the new estimate refines the generic bound obtained in
Theorem 2. The following auxiliary result can also be found in a more general form in [19]
(see Lemma 5 there).
Lemma 4. For every Euclidean disk D(c,R) compactly contained in D and for all g in
the Bergman space A2 of analytic functions in D that are square integrable with respect to
area measure dA, we have∫
D(c,R)
|g|2 dA r2
∫
D
|g|2 dA,
where r is the pseudohyperbolic radius of D(c,R) = ∆(a, r) as given by (1), and equality
is obtained when g = ϕ′a .
Now one can carry out an analysis similar to that of Theorem 2, with the following key
difference: instead of∫
ϕ(D)
|f ′|2 dA
∫
D
|f ′|2 dA
one can use the sharp inequality∫
∆(a,r)
|f ′|2 dA r2‖f ‖2D
from Lemma 4 above. Next, writing A = L + r2 − 1, two situations have to be analyzed:
A 0 and A < 0. Eventually both turn out to give the same answer: even though the critical
points are different in the two situations, the maximum value is actually the same. The
remaining technical details are completely analogous to the ones in the proof of Theorem 2
and, after a similar but more tedious work, we obtain the following
Theorem 5. Suppose ϕ is a univalent self-map of the unit disk D such that ϕ(D) is com-
pactly contained in D. Let r denote the pseudo-hyperbolic radius of the smallest disk that
contains ϕ(D) and write
1 2L = log
1 − |ϕ(0)|2 , A = L + r − 1.
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estimate:
‖Cϕ‖2  2 + A+
√
4L + A2
2
.
It should be noted that A < L and therefore the estimate from Theorem 5 is sharper
than the one from Theorem 2. Unfortunately, one cannot claim that this new estimate gives
the actual value of the norm even for the full maps onto a disk compactly contained in D
as was the case with part (b) of Theorem 2. The reason behind this is that in the chain of
norm estimates obtained, the types of extremal functions no longer coincide. At the time
of completing this manuscript we were not able to obtain the exact value of the norm.
Clearly, the simplest univalent maps whose image is contained in some smaller disk are
the affine maps ϕ(z) = az + b, |a| + |b| 1, yet an explicit norm formula does not seem
easy to find even in this case. In a recent preprint [9] Hammond has obtained some progress
in this direction by obtaining a representation for the norm.
2. Spectral radii of arbitrary composition operators
Recall that the spectral radius r(T ) of a bounded linear operator T on a Hilbert space is
defined as the radius of the smallest disk centered at the origin which contains the spectrum
of the operator. Also,
r(T ) = lim
n→∞‖T
n‖1/n < ∞.
As is customary, we write ϕn = ϕ ◦ ϕ ◦ · · · ◦ ϕ for the nth iterate of a self-map ϕ of the
disk. Note that Cnϕ = Cϕn , which simplifies many computations. We now consider arbitrary
univalent symbols ϕ (recalling that for such symbols Cϕ acts boundedly on δ) and show
that r(Cϕ) = 1.
Denote by  the hyperbolic metric on D,
(z,w) = 1
2
log
1 + | z−w1−z¯w |
1 − | z−w1−z¯w |
.
By the Schwarz–Pick lemma every holomorphic self-map ϕ of D is contractive in this
metric:

(
ϕ(z),ϕ(w)
)
 (z,w).
The following elementary lemma will be used in the computation of the spectral radius and
may even have some independent interest. We have not been able to find it in the literature,
hence we give a short proof.
Lemma 6. Let ϕ be an arbitrary holomorphic self-map of D. Then
log
1  2n
(
ϕ(0),0
)
. (14)1 − |ϕn(0)|2
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
(
ϕk(0), ϕk−1(0)
)
 
(
ϕk−1(0), ϕk−2(0)
)
 · · · (ϕ(0),0),
for arbitrary positive integer k. The triangle inequality yields
1
2
log
1 + |ϕn(0)|
1 − |ϕn(0)| = 
(
ϕn(0),0
)

n∑
k=1

(
ϕk(0), ϕk−1(0)
)
 n
(
ϕ(0),0
)
,
hence
Ln = log 11 − |ϕn(0)|2  log
1 + |ϕn(0)|
1 − |ϕn(0)|  2n
(
ϕ(0),0
)
. 
Theorem 7. Let ϕ be a univalent self-map ofD. Then the spectral radius of the composition
operator Cϕ (acting on D) is equal to one.
Proof. As observed at the beginning of Section 1.2, whenever Cϕ is bounded on D (in
particular, whenever it is univalent), we have ‖Cnϕ‖ = ‖Cϕn‖ 1 for all positive integers n;
hence r(Cϕ) 1.
On the other hand, when ϕ is univalent so is ϕn. Writing an = ϕn(0) and using Proposi-
tion 1 and estimate (6) from Theorem 2 we obtain
∥∥Cnϕ∥∥= ‖Cϕn‖ ‖Cϕan ‖
√
Ln + 2 + √Ln(4 + Ln)
2
.
Now the arithmetic–geometric mean inequality and Lemma 6 yield
∥∥Cnϕ∥∥
√
Ln + 2 + Ln+(4+Ln)2
2
=√Ln + 2√2n(ϕ(0),0)+ 2.
Upon taking the nth roots and letting n → ∞, we immediately get r(Cϕ) 1, which com-
pletes the proof. 
We remark finally that most of our results can also be formulated for symbols of
bounded valence, say by m. In this case the quantity
√
m would appear in some norm
bounds and formulas. We have chosen to limit ourselves to the univalent case for the sake
of keeping the exposition as simple and easy to follow as possible.
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